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Abstract
For a variety of diffeomorphism–invariant field theories describing hypersurface motions (such
as relativistic M -branes in space-time dimension M + 2) we perform a Hamiltonian reduction “at
level 0”, showing that a simple algebraic function of the normal velocity is canonically conjugate
to the shape Σ of the hypersurface. The Hamiltonian dependence on Σ is solely via the domain of
integration, raising hope for a consistent, reparametrisation–invariant quantization.
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1
As shown for relativistic membranes in 4 space–time dimensions quite some time ago [1], M–
branes inM+2 dimensions move such that in a frame and parametrisation in which the hypersurface
moves normal to itself, the energy–density is automatically independent of time [2]. The resulting
equations of motion coincide with those of a diffeomorphism invariant Hamiltonian theory in which
the M generators of spatial diffeomorphisms are identically zero [3] 3. The Hamiltonian theory
can be generalized to describe a large class of hypersurface motions in Riemannian manifolds [4].
To describe these in terms of diffeomorphism–invariant variables while keeping their Hamiltonian
nature is highly desirable, especially in view of the lack of a successful reparametrization invariant
quantization even for strings (cp. [5], [6]).
The Hamiltonian reduction discussed in this letter is astonishingly simple. One finds that the
unparametrized hypersurface (i.e. its shape) is conjugate to an algebraic function of the normal
velocity of the hypersurface. This makes the reduced Hamiltonian description simple, while deep-
ening the relation with fluid dynamics found in [7] and [8]. Indeed, in [9] and [10] the Hamiltonian
structure for dynamic free boundary problems for 2 or 3 dimensional incompressible homogeneous
flows was determined, substantially generalizing previous work of Zakharov [11] on (incompressible
homogeneous) irrotational flows. Curiously, in the fluid dynamical Poisson–bracket the shape of the
fluid’s boundary (in [11], non-compact) also appears as one of the canonical variables. While the
fluid motion (reflecting the incompressibility) is volume-preserving (our surface motions are not), a
hidden relation between various fluid–dynamical systems may nevertheless, in view of [7], [8], also
be implied by the results of this letter.
The class of diffeomorphism–invariant field theories for which we will perform the Hamiltonian
reduction “at level 0” is described by
H[~x, ~p] :=
∫
Σ0
dMϕ
√
g h
(
p√
g
)
(1)
where g is the determinant of the the metric grs :=
∂~x
∂ϕr
· ∂~x
∂ϕs
induced by the usual inner product
of RM+1 on the hypersurface Σ defined by ~x : Σ0 → Σ ⊂ RM+1, p =
√
~p2 is the absolute value of
the momentum vector, and h is a (monotonic) function of w := p√
g
≥ 0. With ~x and ~p canonically
conjugate, the equations of motion derived from (1) are:
~˙x = h
′
(w)
~p
p
, ~˙p = ∂r((h− h
′
w)
√
ggrs∂s~x). (2)
They imply the time independence of the functions Cr := ~p · ∂r~x, r = 1 . . .m, which generate
diffeomorphism of the reference-manifold Σ0. We will only be interested in these constants of motion
being identically zero, that is,
~p · ∂r~x ≡ 0 r = 1, . . . ,M . (3)
In this case equations (2) become
~˙x = ±h′(w)~n w˙ = ∓h(w)H , (4)
while w = ± ~p·~n√
g
(~n being the outward hypersurface normal, and H = −grs∂2rs~x · ~n denoting the
mean curvature of Σ), implying
v˙ = −hh′′H (5)
3 This is in agreement with a result proved in [12] stating that in any diffeomorphism invariant field theory that
can be coupled to gravity one must set the momentum map to be zero (no other value is allowed).
2
for the normal velocity v := ~˙x~n = ±h′(w). Expressing hh′′ as a function of v, and viewing v as Σ˙
(the rate of change of Σ), (5) constitutes the reparametrization–invariant second order equation for
the time–evolution of Σ. Of course, the Σ–dependence of H is non-trivial; note e.g. that
H˙ = (−△+R −H2)v (6)
with R and ∆ being the Riemannian curvature and the Laplacian on Σ. Denoting the normal
component of ~p√
g
, viewed as a function on Σ, by u (=ˆ±w), as well as extending h to negative values
of its argument by defining h(−w) = h(w) (which simultaneously removes the need to write ± in
(4) and the unwanted constraint w ≥ 0; u is an unconstrained function on Σ, taking positive and
negative values) (1) and (4) may be written as
H =
∫
Σ
h(u) , (7)
Σ˙ = h
′
(u), u˙ = −hH. (8)
Noting that the first variation of the (hyper-)surface-area functional equals the mean curvature, one
is thus led to the fact that the Poisson bracket on the reduced space is given by
{F,G} =
∫
Σ
(
δF
δΣ
δG
δu
− δG
δΣ
δF
δu
)
, (9)
as the equations of motion derived via (9),
Σ˙ =
δH
δu
, u˙ = −δH
δΣ
, (10)
with H given by (7), (re)produce (8).
More generally, one can show that
δ
δΣ
∫
Σ
f(~x;u) = Hf + ~n · ∂f
∂~x
(11)
δ
δΣ
∫
Σ
nkf(~x;u) = nk~n · ∂f
∂~x
− ǫki1···iM
(M − 1)! n
i1 [f, xi2 , ·, xiM ] (12)
with [f, xi2 , · · · , xiM ] defined on Σ0 as ǫr1···rM√g ∂r1f ∂r2xi2 · · ·∂rMxiM (ǫr1···rM is the completely an-
tisymmetric symbol with ǫ1···M = 1), making the last term in (12) equal to d
dxk
f − nk~n · dd~xf ,
where d
dxk
= ∂
∂xk
+ ∂u
∂xk
∂
∂u
; k = 1, · · · ,M + 1. Formulae (11) and (12) follow from consid-
ering normal variations ~xǫ := ~x + ǫψ~n and calculating the coefficient of
√
gψ in the integrand
of
∫
Σ0
d
dǫ
|ǫ=0(√gǫfǫ resp.√gǫfǫ(~nǫ)k), keeping u fixed; note that nk = ǫki1···iMM ! [xi1 , · · · , xiM ] and
ǫki1···iM
(M−1)! [n
i1 , xi2 , · · · , xiM ] = Hnk. Formulae (11) and (12) can be used to verify that the generators
of translation and rotation,
~P =
∫
Σ
u~n and Lij =
∫
Σ
u(xinj − xjni) (13)
commute with H. For the special case
H =
∫
Σ
√
u2 + T 2 , (14)
describing relativisticM–branes in M+2 space time dimensions (T being the dimensionful constant
multiplying the M +1 dimensional world volume in the original action) the symmetry is enhanced :
Li0 :=
∫
Σ
xi
√
u2 + T 2 , (15)
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(13) and (14) generate the inhomogeneous Lorentz group. One should perhaps note that the second–
order equations of motion derived from Hαβ :=
∫
Σ
√
u2 + αu + β,
v˙ = −(1− v2)H (16)
are independent of α and β (actually, they split into three different classes, according to (1−v2)(u2+
αu + β) = (β − α24 ) being positive, zero, or negative). Finally note that the hypersurface area A
and the enclosed volume V evolve according to
V˙ =
∫
Σ
h′(u) and A˙ =
∫
Σ
Hh′(u) . (17)
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